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Abstract
For a nondecreasing sequence of integers S = (s1, s2, . . .) an S-
packing k-coloring of a graphG is a mapping from V (G) to {1, 2, . . . , k}
such that vertices with color i have pairwise distance greater than si.
By setting si = d+b i−1n c we obtain a (d, n)-packing coloring of a graph
G. The smallest integer k for which there exists a (d, n)-packing col-
oring of G is called the (d, n)-packing chromatic number of G. In
the special case when d and n are both equal to one we speak of the
packing chromatic number of G. We determine the packing chromatic
number of the base-3 Sierpin´ski graphs Sk and provide new results
on (d, n)-packing chromatic colorings, d ≤ 2, for this class of graphs.
By using a dynamic algorithm, we establish the packing chromatic
number for H-graphs H(r).
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1 Preliminaries
A k-coloring of a graph G is a function f from V (G) onto a set C =
{1, 2, . . . , k} (with no additional constraints). The elements of C are called
colors, while the set of vertices with the image (color) i is denoted by Xi. Let
u, v be vertices of a graph G. The distance between u and v in G, denoted
by dG(u, v), equals the length of a shortest u, v-path (i.e. a path between u
and v) in G.
Let f be a k-coloring of a graph G with the corresponding sequence of
color classes X1, ..., Xk. If each color class Xi is a set of vertices with the
property that any distinct pair u, v ∈ Xi satisfies dG(u, v) > i, then Xi is
said to be an i-packing, while the sequence X1, ..., Xk is called a packing i-
coloring. The smallest integer k for which there exists a packing k-coloring
of G is called the packing chromatic number of G and it is denoted by χρ(G)
[1, Goddard(2008)].
A more general concept was formally introduced in [Goddard(2012)] as
follows. For a nondecreasing sequence of integers S = (s1, s2, . . .), an S-
packing k-coloring is a k-coloring c of V (G) such that for every i, with 1 ≤
i ≤ k, c is an si-packing. The S-packing chromatic number of G denoted by
χSρ (G), is the smallest k such that G admits an S-packing k-coloring.
Gastineau et al. [Gastineau(2015)] proposed the variation of the S-
packing coloring, where for integers n and d the sequence S = (s1, s2, . . .)
is given by si = d + b i−1n c. In this setting, an S-packing k-coloring of a
graph G is called a (d, n)-packing k-coloring, while the smallest integer k for
which there exists a (d, n)-packing k-coloring of G is called the (d, n)-packing
chromatic number and denoted by χd,nρ (G).
For d = 1 and a sufficiently large n, a (d, n)-packing k-coloring is the
classical graph coloring with k colors. A generalization of this observation
gives the following
Proposition 1. Let n ≥ `. If n ≥ χd,`ρ (G), then χd,nρ (G) = χd,`ρ (G).
Note also that a (1, 1)-packing k-coloring is a packing k-coloring of a
graph.
2 Base-3 Sierpin´ski graphs
Let [k] := {1, . . . , k} and [k]0 := {0, . . . , k−1}. The base-3 Sierpin´ski graphs
Sk are defined such that we start with S0 = K1. For k ≥ 1, the vertex set of
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Sk is [3]k0 and the edge set is defined recursively as
E(Sk) = {{is, it} : i ∈ [3]0, {s, t} ∈ E(Sk−1)} ∪ {{ijk−1, jin−1}|i, j ∈
[3]0, i = j} . t
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Figure 1: The structure of Sk
We can see that Sk can be constructed from three copies of Sk−1. More
precisely, for every j ∈ [3]0 we make a copy of Sk−1 denoted by jSk−1 where we
concatenate j to the left of each vertex in Sk−1. The construction is concluded
by adding the edges: {01n−k, 10k−1}, {02k−1, 20k−1}, and {21k−1, 12k−1} to
the obtained graph. Obviously, if k ≥ 2, then Sk is composed of nine copies
of Sk−2 (see Fig. 1).
Note that if u ∈ V (Sk−1), then the corresponding vertex in jSk−1 (a
”copy” of u in jSk−1 ) is of the form ju.
Vertices of the form i . . . i = ik are called extreme vertices. Clearly, if
k ≥ 1, Sk contains three extreme vertices.
It is not difficult to establish the following (see also [Klavzar(2013)])
Fact 1. Let i, j ∈ [3]0 and i 6= j. If u ∈ V (jSk−1) and v ∈ V (iSk−1), then
every shortest u, v-path contains vertices ijk−1 and jik−1.
Bresˇar, Klavzˇar and Rall [Bresar(2016)] showed the following
Theorem 1. If k ≥ 5, then 8 ≤ χρ(Sk) ≤ 9.
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In order to establish the packing chromatic number of base-3 Sierpin´ski
graphs we need the following definition.
Let T k be the graph obtained from Sk by adding three edges that con-
nect its extreme vertices, i.e. V (T k) = V (Sk) and E(T k) = E(Sk) ∪
{{0k, 1k}, {2k, 1k}, {0k, 2k}}. See for example Fig. 2 which shows T 5.
Lemma 1. Let k ≥ `. If T ` admits an (n, d)-packing b-coloring such that
d+ b b−1
n
c ≤ 2`, then χd,nρ (Sk) ≤ b.
Proof. Let f be an (n, d)-packing b-coloring of T `. Note that we show above
that Sk is composed of three copies of Sk−1. For k ≥ ` we define a b-coloring
fk of S
k as follows:
(i) f`(u) := f(u) for every u ∈ V (S`) (note that V (T `) = V (S`).)
(ii) if k > `, then fk is obtained by applying fk−1 to all three copies of
Sk−1 in Sk.
We will show by induction on k that fk is an (n, d)-packing i-coloring of
Sk.
Since S` is a subgraph of T `, a (n, d)-packing i-coloring of T ` is a (n, d)-
packing i-coloring of S`. We therefore established that the claim holds for
k = `. Let u, v ∈ V (S`+1). Thus, for some x, y ∈ V (S`) and i, j ∈ [3]0
we have u = ix and v = jy. The extreme vertices are connected in T `,
therefore, by Fact 1, we have dS`+1(u, v) = dT `(x, y). Since f(u) = f(x) and
f(v) = f(y), the claim also holds for k = ` + 1. Let then k ≥ ` + 2 and
let assume that the claim holds for St, t < k. Let u, v ∈ V (Sk) such that
fk(u) = fk(v). We have to show that dSk(u, v) > d + bfk(u)−1n c. By the
induction hypothesis, the restriction of fk to a copy of S
k−1 (resp. a copy
of Sk−2) is a (n, d)-packing i-coloring of the respective subgraph. It follows
that the claim clearly holds if u and v belong to the same copy of Sk−1 (resp.
Sk−2). If u and v belong to two copies of Sk−2 which are not connected with
an edge, then it is straightforward to see that d(u, v) > 2k−2 ≥ 2`. Thus, this
case is also settled. Finally, let u and v belong to two copies of Sk−2 which
are connected with an edge. We can say w.l.o.g. that for x, y ∈ V (Sk−2), we
have u = 01x and v = 10y or u = 02x and v = 20y or u = 12x and v = 21y.
If u = 01x and v = 10x, we have dSk(01x, 10y) = dSk(00x, 01y) and
fk(00x) = fk(01y) = fk(01x). By the inductive hypothesis, dSk(00x, 01y) >
d + bfk(00x)−1
n
c and this case is settled. Since the proof for another cases is
analogous, we showed that χd,nρ (S
k) ≤ b.
Theorem 2. If k ≥ 5, then χρ(Sk) = 8.
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Proof. We found a packing 8-coloring of T 5 depicted in Fig. 2. Thus, by
Lemma 1, we have χρ(S
k) = χ1,1ρ (S
k) ≤ 8. Since Theorem 1 yields the lower
bound, the proof is complete.
Figure 2: a packing 8-coloring of T 5
Most of the other results of this section, (d, n)-packing chromatic numbers
and bounds of base-3 Sierpin´ski graphs, are obtained by extensive computa-
tions which are based on ILP (proposed in [Shao(2015)]) by Gurobi Optimizer
7.5 (http://www.gurobi.com/). The results on (d, n)-packing chromatic num-
bers of S2, S3 and S4 are given in Tables 1-3.
Table 1: (d, n)-packing chromatic number of S2
d \ n 1 2 3 4 5 6
1 5 3 3 3 3 3
2 7 6 5 4 4 4
≥ 3 9 9 9 9 9 9
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Table 2: (d, n)-packing chromatic number of S3
d \ n 1 2 3 4 5 6 7 8 9 10 11 12
1 7 4 3 3 3 3 3 3 3 3 3 3
2 14 7 5 4 4 4 4 4 4 4 4 4
3 19 13 10 9 9 9 9 9 9 9 9 9
4 21 17 14 11 11 11 11 10 10 10 10 10
5 23 20 18 16 15 14 13 12 12 12 12 12
6 25 24 23 22 21 20 19 18 17 16 16 16
≥ 7 27 27 27 27 27 27 27 27 27 27 27 27
Table 3: (d, n)-packing chromatic number of S4
d \ n 1 2 3 4 5 6 7 8 9 10 11 12
1 7 4 3 3 3 3 3 3 3 3 3 3
2 20 7 6 4 4 4 4 4 4 4 4 4
3 38 15 11 10 9 9 9 9 9 9 9 9
4 46 20 15 12 12 11 11 11 11 10 10 10
5 54 30 20 18 16 14 14 13 13 13 13 12
6 60 41 27 23 22 21 20 20 19 18 18 17
7 65 50 38 30 27 27 27 27 27 27 27 27
8 67 54 44 36 31 29 29 29 28 28 28 27
9 69 58 50 43 37 33 32 32 32 31 31 31
10 71 62 56 50 45 40 36 35 34 34 34 33
11 73 66 61 56 53 49 45 42 40 39 37 37
Theorem 3. If k ≥ 2 and n ≥ 2, then
χ1,nρ (S
k) =
{
4, k ≥ 3 and n = 2
3, otherwise
Proof. Since it is shown in [2] that χ(Sk) = 3, from Proposition 1 it follows
that χ1,nρ (S
k) = 3 for n ≥ 3. Let then n = 2. For k ∈ {3, 4, 5}, the values are
established by a computer search. Since χ1,2ρ (S
3) = 4, we have χ1,2ρ (S
k) ≥ 4
for k ≥ 3. The upper bound is established by applying a (1,2)-packing
4-coloring of T 4 depicted in Fig. 3 in Lemma 1.
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Figure 3: A (1,2)-packing 4-coloring of T 4
Proposition 2. If k ≥ 6 then 7 ≤ χ2,2ρ (Sk) ≤ 8. Moreover,
χ2,2ρ (S
k) =
{
6, k = 2
7, k ∈ {3, 4, 5}
Proof. For k ∈ {2, 3, 4, 5, 6}, the values are established by a computer search.
Since χ2,2ρ (S
3) = 7, we have χ2,2ρ (S
k) ≥ 7 for k ≥ 3. The upper bound follows
from a (2,2)-packing 8-coloring of T 5 depicted in Fig. 4 and Lemma 1.
Proposition 3.
χ2,3ρ (S
k) =
{
5, k ∈ {2, 3}
6, k ≥ 4
Proof. For k ∈ {2, 3}, the values are established by a computer search. Since
χ2,3ρ (S
4) = 6, we have χ2,3ρ (S
k) ≥ 6 for k ≥ 4. The upper bound is established
by using a (2,3)-packing 6-coloring of T 5 depicted in Fig. 5 in Lemma 1.
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Figure 4: A (2,2)-packing 8-coloring of T 5
3 H-graphs
The H-graph H(r), r ≥ 2, is the 3-regular graph of order 6r, with ver-
tex set V (H(r)) = {ui, vi, wi : 0 ≤ i ≤ 2r − 1} and edge set E(H(r)) =
{(ui, ui+1), (wi, wii+1), (ui, vi), (vi, wi) : 0 ≤ i ≤ 2r − 1} ∪ {(v2i; v2i+1) : 0 ≤
i ≤ r − 1}, where subscripts are taken modulo 2r.
For i ∈ [r]0 the set of vertices Hr,i = {ui, ui+1, vi, vi+1, wi, wi+1} induce a
subgraph of H(r) called an i-th column of H(r).
La¨ıche and Sopena [3] showed
Theorem 4. For every integer r ≥ 2, χρ(H(r)) = 5 if r is even, and 6 ≤
χρ(H(r)) ≤ 7 if r is odd.
The question whether it is true that for r ≥ 3, r odd, H(r) ≤ 6 for
every H-graph H(r) is posed in [3]. In order to answer this question we use
a dynamic algorithm which was introduced (in a very general framework)
in [Klavzar(2003)]. In this paper, this concept is applied for searching the
packing chromatic number of H-graphs.
Consider the graph HP (r) obtained from H(r) by removing the edges
u0u2r−1 and w0w2r−1 (see for example HP (3) depicted in Fig. 6). Then the
vertices of the directed graph D are all 6-packing colorings of HP (3). Let
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Figure 5: A (2,3)-packing 6-coloring of T 5
f, g ∈ V (D), i.e. f and g are 6-packing colorings which assign a color to
every vertex of HP (3).
If f, g ∈ V (D), then let fg be a 6-coloring of HP (4) such that fg(H3,i) :=
f(H3,i), i ∈ [3]0, and fg(H3,3) := g(H3,2), i.e. fg is composed of f and the last
column of g. We make an arc from f to g in D if and only if the following
two conditions are fullfiled:
(i) f(H3,1) = g(H3,0) and f(H3,2) = g(H3,1), i.e., the coloring of the 1st
(resp. 2nd) column of f coincide with the coloring of the 0th (resp. 1st)
column of g.
(ii) fg is a 6-packing coloring of HP (4).
t t t t t t
t t t t t t
t t t t t t
w0 w1 w2 w3 w4 w5
v0 v1 v2 v3 v4 v5
u0 u1 u2 u3 u4 u5
Figure 6: HP (3)
Lemma 2. Let r ≥ 4 be an integer. Then H(r) admits a packing 6-coloring
if and only if D contains a closed directed walk of length r − 2.
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Proof. Suppose first that D contains a closed directed walk P of length r−2.
Note that every arc of D corresponds to a a 6-coloring of HP (4). Analogously,
arcs of P correspond to a 6-coloring ψ of H(r). We have to show ψ is a
packing 6-coloring of H(r), i.e. that for every u, v ∈ H(r) with ψ(u) = ψ(v)
we have dH(r)(u, v) > ψ(u). Let u and v belong to i-th and j-th column of
H(r), i ≥ j, respectively. If i− j ≥ 4, then dH(r)(u, v) > 6 and we are done.
If i− j ≤ 3, then the colorings of Hr,j, Hr,j+1, Hr,j+2, Hr,j+3 correspond to an
arc of D. Thus, dH(r)(u, v) > ψ(u). This observation concludes the first part
of the proof.
Assume now that H(r) admits a packing 6-coloring denoted by ψ. By
the definition of D, the restriction of ψ to a copy of HP (3) (resp. a copy of
HP (4)) in H(r) corresponds to a vertex (resp. an arc) of D. It follows that
ψ corresponds to a closed directed walk of length r − 2.
Theorem 5. If r ≥ 2, then
χρ(H(r)) =
{
5, r is even
7, otherwise
Proof. By Theorem 4, we have to show that χρ(H(r)) ≥ 7 if r is odd. In
order to prove this, we compute the directed graph D (with 8336 vertices)
as described above. Since the computer program find no closed walk of odd
length, by Lemma 2 the assertion follows.
Acknowledgement
This work is supported by the National Key Research and Development
Program under grants 2017YFB0802300 and 2017YFB0802303, the National
Natural Science Foundation of China under the grant 11361008, the Applied
Basic Research (Key Project) of Sichuan Province under grant 2017JY0095
and the Ministry of Science of Slovenia under the grants P1-0297 and J1-7110.
Bibliography
References
[1] B. Bresˇar, S. Klavzˇar and D. F. Rall, On the packing chromatic number of
Cartesian products, hexagonal lattice, and trees, Discrete Appl. Math. 155
10
(2007) 2303-2311.
[Bresar(2016)] B. Bresˇar, S. Klavzˇar, D. F. Rall, Packing chromatic number of
base-3 Sierpin´ski graphs, Graphs and Combinatorics 32 (2016) 1313–1327.
[Gastineau(2015)] N. Gastineau, H. Kheddouci, O. Togni, Subdivision into i-
packings and S-packing chromatic number of some lattices, Ars Math. Con-
temp. 9 (2015) 331-354.
[Goddard(2008)] W. Goddard, S. M. Hedetniemi, S. T. Hedetniemi, J. M. Harris
and D. F. Rall, Broadcast chromatic numbers of graphs, Ars Combin. 86
(2008) 33–49.
[Goddard(2012)] W. Goddard, H. Xu, The S-packing chromatic number of a
graph, Discussiones Mathematicae Graph Theory 32 (2012) 795–806.
[2] M. Jakovac, S. Klavzˇar, Vertex-, edge-, and total-colorings of Sierpin´ski -like
graphs, Discrete Math. 309 (2009) 1548–1556.
[Klavzar(2003)] S. Klavzˇar, A. Vesel, Computing graph invariants on rotagraphs
using dynamic algorithm approach: the case of (2,1)-colorings and indepen-
dence numbers, Discrete Appl. Math. 129 (2003) 449–460.
[Klavzar(2013)] S. Klavzˇar, S. S. Zemljicˇ, On distances in Sierpin´ski graphs:
almost-extreme vertices and metric dimension, Appl. Anal. Discrete Math.
7 (2013) 72–82.
[3] D. La¨ıche, E´. Sopena, Packing colouring of some classes of cubic graphs,
manuscript.
[Shao(2015)] Z. Shao, A. Vesel, Modeling the packing coloring problem of graphs,
Applied Mathematical Modelling 39 (2015), 3588 – 3595.
11
